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The representation theory of involutory (or ‘maximal compact’) subalgebras of
infinite-dimensional Kac–Moody algebras is largely terra incognita, especially
with regard to fermionic (double-valued) representations. Nevertheless, certain
distinguished such representations feature prominently in proposals of possible
symmetries underlying M theory, both at the classical and the quantum level.
Here we summarise recent efforts to study spinorial representations system-
atically, most notably for the case of the hyperbolic Kac–Moody algebra E10
where spinors of the involutory subalgebra K(E10) are expected to play a role
in describing algebraically the fermionic sector of D = 11 supergravity and M
theory. Although these results remain very incomplete, they also point towards
the beginning of a possible explanation of the fermion structure observed in the
Standard Model of Particle Physics.
∗Based on lectures given by H. Nicolai at the School Partition Functions and Automorphic Forms,
BLTP JINR, Dubna, Russia, 28 January - 2 February 2018.
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1 Introduction
Fermionic fields are central in all fundamental particle models as constituents of matter. They
are characterised as being double-valued representations of the space-time symmetry group,
notably the spin cover of the Lorentz group Spin(1,D − 1) in D space-time dimensions. For
instance, the Standard Model of particle physics contains 48 spin-12 particles, if one includes also
right-handed neutrinos in the counting, and these transform also under the gauge symmetries
SU(3)c× SU(2)w × U(1)Y . To date there is no satisfactory explanation of this precise set of
spin-12 particles of the Standard Model of particle physics. Fermionic fields are also essential
and inevitable in all supersymmetric theories, notably supergravity and superstring theory.
Investigations of the bosonic sectors of these theories have led to conjectured gigantic symmetry
groups governing the bosonic dynamics. The most well-known of these conjectures involve the
infinite-dimensional Kac–Moody groups E10 and E11 [1–3]. Implicit in these conjectures is that
there are also infinite-dimensional extensions of spin groups acting on the fermionic fields. At the
Lie algebra level, these infinite-dimensional extensions are given by fixed points of an involution
acting on the Kac–Moody algebra and are known by the name K(E10) and K(E11) and often
called maximal compact subalgebras.1
In order to understand the fermions in the context of these conjectures it is therefore im-
portant to understand the fermionic (double-valued) representations of the maximal compact
subalgebras K(En). For n ≥ 9, K(En) does not belong to any standard class of Lie algebras,
and there is no off-the-shelf representation theory available for finding the fermionic representa-
tions (whereas for finite-dimensional En groups, i.e. n ≤ 8, the maximal compact subalgebras
1Here and in the remainder of these notes, we abuse notation by using En to denote both the Lie algebra and
the associated group.
2
are of standard type). By analysing the structure of maximal supergravity, some first spin-12
and spin-32 representations of K(E10) were found in [4–7]. The fermionic representations found
there also have the unusual property of unifying the distinct type IIA and type IIB spinors of
D = 10 maximal supersymmetry [8, 9]. Moreover, as we shall also review in these proceedings,
they hold the potential of explaining the fermionic content of the Standard Model of particle
physics [10–12].
The purpose of this article is to summarise and systematise more recent advances on the rep-
resentation theory of K(E10) and similar (hyperbolic) Kac–Moody algebras [13–15]. Specifically,
we shall explain:
• the construction of involutory subalgebras of Kac–Moody algebras;
• the basic conditions, called Berman relations, that any representation has to satisfy;
• the construction of spin-12 representations for simply-laced algebras;
• the extension up to spin-72 for the simply-laced E10, DE10 and AEd family (for d ≥ 3);
• the extension to higher spin for the non-simply-laced AE3, G++2 and BE10;
• the properties of these representations, in particular the fact that they are unfaithful and
imply the existence of finite-dimensional quotients of the infinite-dimensional involutory
algebras, as we will illustrate with several examples;
• the connection between K(E10) and the fermions of the Standard Model.
Other work on fermionic representations includes [16–24]. Let us stress again that these results
represent only very first steps, and that many open problems remain which will probably require
completely new insights and methods.
2 Involutory subalgebras of Kac–Moody algebras
We review some basic facts about Kac–Moody algebras and their maximal compact subalgebras,
referring the reader to [25] for proofs and details.
2.1 Basic definitions
An n× n matrix A which satisfies
Aii = 2 ∀i = 1, . . . , n, (1a)
Aij ∈ Z≤0 (i 6= j), (1b)
Aij = 0 ⇐⇒ Aji = 0, (1c)
where Z≤0 denotes the non-positive integers, is called a generalised Cartan matrix (we will
frequently refer to A simply as the Cartan matrix). We always assume detA 6= 0.
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TheKac–Moody algebra g ≡ g(A) is the Lie algebra generated by the 3n generators {ei, fi, hi}
subject to the relations
[hi, hj ] = 0, (2a)
[hi, ej ] = Aijej , (2b)
[hi, fj] = −Aijfj, (2c)
[ei, fj] = δijhj, (2d)
ad
1−Aij
ei ej = 0, (2e)
ad
1−Aij
fi
fj = 0. (2f)
Each triple {ei, fi, hi} generates a subalgebra isomorphic to sl(2,C), as is evident from rela-
tions (2). This construction of the algebra in terms of generators and relations is generally
referred to as the Chevalley-Serre presentation.
A generalised Cartan matrix A is called simply-laced if the off-diagonal entries of A are
either 0 or −1. A is called symmetrizable if there exists a diagonal matrix D such that DA is
symmetric. We will say that g is simply-laced (symmetrizable) if its generalised Cartan matrix
A is simply-laced (symmetrizable). Analogously, the algebra is symmetric if its Cartan matrix
is. In the finite dimensional case an algebra is simply-laced if and only if it is symmetric, but
this is not true in the general infinite-dimensional case. If the Cartan matrix A is indefinite, the
associated (infinite-dimensional) Kac–Moody algebra is called indefinite; it is called hyperbolic if
the removal of any node in the Dynkin diagram leaves an algebra that is either of finite or affine
type; with this extra requirement, the rank is bounded above by r ≤ 10, with four such maximal
rank algebras, E10, DE10, BE10 and CE10 [25]. Our interest here is mainly with hyperbolic
algebras, as these appear to be the relevant ones for M theory.
The Dynkin diagram of a Kac–Moody algebra g is a set of vertices and edges built with the
following rules:
• for each i = 1, . . . , n there is an associated node in the diagram;
• if |Aij | = 1 or |Aji| = 1, the are max(|Aij |, |Aji|) lines between the nodes i and j and an
arrow from j to i if |Aij | > |Aji|. If both |Aij | > 1 and |Aji| > 1, the line from i to j is
decorated with the pair (|Aij |, |Aji|).
Hence, one can read the Cartan matrix from the Dynkin diagram and vice versa.
Let h := span(h1, . . . , hn) be the n-dimensional algebra of semi-simple elements, called the
Cartan subalgebra. Furthermore, we let n+ be the quotient of the free Lie algebra generated
by {e1, . . . , en} modulo the Serre relation (2e) and, similarly, n− is the quotient of the free Lie
algebra generated by {f1, . . . , fn} modulo the Serre relation (2f). Then we have the triangular
vector space decomposition
g = n+⊕ h⊕ n− . (3)
All three spaces are Lie subalgebras of g, but the sum is not direct as a sum of Lie algebras as
for example [h, n±] ⊂ n±.
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The number of the nested commutators which generate n+ and n− is a priori infinite, but the
Serre relations (2e) and (2f) impose non-trivial relations among them; this makes the algebra
finite or infinite-dimensional, according to whether the generalised Cartan matrix is positive
definite or not.
The adjoint action of the Cartan subalgebra h on n+ and n− is diagonal, which means that
it is possible to decompose g into eigenspaces
gα := {x ∈ g | [h, x] = α(h)x ∀h ∈ h}, (4)
where α : h → C belongs to the dual space of the Cartan subalgebra. The eigenspaces gα are
called root spaces and the linear functionals α ∈ h∗ roots. The multiplicity of a root α is defined
as the dimension of the related root space gα. Relation (2b) implies that each ej is contained in
an eigenspace gαj , whose corresponding root αj is called a simple root. Accordingly, fj belongs
to g−αj with simple root −αj .
The lattice Q :=
⊕n
i=1 Zαi provides a grading of g
[gα, gβ] ⊆ gα+β, (5)
together with the root space decomposition
g =
⊕
α∈Q
gα . (6)
Any root of g is a non-negative or non-positive integer linear combination of the simple roots
αi.
Let us assume that g is symmetrizable; this allows to define a bilinear form on the Cartan
subalgebra h, which can be extended to an invariant bilinear form on the whole algebra g
obtaining the so-called (generalised) Cartan–Killing form. We are more interested in the scalar
product (· | ·) among the roots, i.e. elements of h∗. For any pair of simple roots αi, αj it is given
by
(αi | αj) = Bij, (7)
where B is the symmetrization of the Cartan matrix A. This defines the scalar product between
two generic roots, since any root can be written as a linear combination of simple roots.
The scalar product gives a natural notion of root length, i.e. α2 := (α |α). In the finite
dimensional case the roots are all spacelike, meaning α2 > 0; this reflects the fact that the scalar
product has Euclidean signature. In the infinite-dimensional case this is no longer true: the
spacelike roots are called real roots, the non-spacelike ones α2 ≤ 0 are called imaginary roots.
In particular, the lightlike roots α2 = 0 are called null roots.
The real roots are non-degenerate (i.e. the corresponding root spaces are one dimensional)
as in the finite dimensional case, while the imaginary roots are not. The degeneracy of the
imaginary roots is still an open problem, since a general closed formula for the multiplicity of
an imaginary root for non-affine g is yet to come.2
2In fact, the multiplicities are not even known in closed form for the simplest such algebra with Cartan matrix
A =
(
2 −3
−3 2
)
.
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The discussion above was phrased in terms of complex Lie algebras. However, as is evident
from (2), there is a natural basis in which the structure constants are real and therefore we can
also consider g over the real numbers in what is called the split form by simply taking the same
generators and only real combinations of their multi-commutators. This split real Kac–Moody
algebra will be denoted by g in the following and from now on all discussions are for real Lie
algebras. Furthermore we restrict attention to symmetrizable Cartan matrices.
2.2 Maximal compact subalgebras
We introduce the Cartan–Chevalley involution ω ∈ Aut(g), defined by
ω(ei) = −fi, ω(fi) = −ei, ω(hi) = −hi; (8)
its action on a root space is therefore ω(gα) = g−α. Moreover it is linear and satisfies
ω(ω(x)) = x, ω([x, y]) = [ω(x), ω(y)]. (9)
The latter relation allows to extend the involution from (8) to the whole algebra. The involutory,
or maximal compact subalgebra, K(g) of g is the set of fixed points under the Cartan-Chevalley
involution
K(g) := {x ∈ g | ω(x) = x}. (10)
The name arises from the analogy with the finite dimensional split real case, where for example
K(sl(n,R)) = so(n,R): here so(n,R) is the Lie algebra of the maximal compact subgroup
SO(n,R) of SL(n,R) and the involution is simply ω(x) = −xT .
The combination xi := ei − fi is the only one which is invariant under ω in each triple
(corresponding to the compact so(2,R) ⊂ sl(2,R)), therefore it represents an element of K(g).
An explicit presentation of the algebra K(g) was found by Berman [26], whose result we quote
in the following theorem (in its version from [20]):
Theorem. Let g be a symmetrizable Kac–Moody algebra with generalised Cartan matrix A and
let xi = ei − fi. Then the maximal compact subalgebra K(g) is generated by the elements
{x1, . . . , xn} that satisfy the following relations:
P−Aij (adxi)xj = 0, (11)
where
Pm(t) =
{(
t2 +m2
)(
t2 + (m− 2)2) · · · (t2 + 1) if m is odd,(
t2 +m2
)(
t2 + (m− 2)2) · · · (t2 + 4)t if m is even. (12)
The theorem drastically simplifies for a simply-laced algebra:
Corollary. If g is a simply-laced Kac–Moody algebra, then the generators {x1, . . . , xn} of K(g)
satisfy
[xi, [xi, xj ]] + xj = 0 if the vertices i, j are connected by a single edge, (13a)
[xi, xj ] = 0 otherwise. (13b)
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1 2 3
Figure 1: Dynkin diagram of AE3
To illustrate these general statements we present some examples, which give a flavor of how
the relations (11) are concretely realised. Consider the symmetric algebra AE3, whose Dynkin
diagram is in figure 1 and whose Cartan matrix is
A[AE3] =

 2 −1 0−1 2 −2
0 −2 2

 ; (14)
then its subalgebra K(AE3) is generated, thanks to (11), by {x1, x2, x3} that satisfy
[x1, [x1, x2]] + x2 = 0, [x2, [x2, x1]] + x1 = 0, [x1, x3] = 0, (15a)
[x2, [x2, [x2, x3]]] + 4 [x2, x3] = 0, [x3, [x3, [x3, x2]]] + 4 [x3, x2] = 0. (15b)
Let us work out explicitly the first relation in (15b): since A23 = −2, from (11) and the definition
of the polynomial Pm(t) we get[
(adx2)
2 + 4
]
(adx2)x3 = (adx2)
3x3 + 4(adx2)x3
!
= 0,
which is precisely (15b). The same construction works for the other relations.
A second example is provided by G++2 , whose Dynkin diagram is given in figure 2. The
corresponding Cartan matrix is
A[G++2 ] =


2 −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −3 2

 . (16)
Therefore the maximal compact subalgebra K(G++2 ) is generated by {x1, x2, x3, x4} that satisfy
[x1, [x1, x2]] + x2 = 0, [x2, [x2, x1]] + x1 = 0, (17a)
[x2, [x2, x3]] + x3 = 0, [x3, [x3, x2]] + x2 = 0, (17b)
[x3, [x3, x4]] + x4 = 0, [x4, [x4, [x4, [x4, x3]]] + 10 [x4, [x4, x3]] + 9x3 = 0, (17c)
[x1, x3] = 0, [x1, x4] = 0, [x2, x4] = 0. (17d)
These relations are easily derived from (11).
Finally consider the algebra BE10, whose Dynkin diagram is in figure 3 (inverting the double
arrow, we get the Dynkin diagram of the other rank-10 algebra CE10, which however does not
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Figure 2: Dynkin diagram of G++2
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✐
1 2 3 4 5 6 7 8 9
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Figure 3: Dynkin diagram of BE10
appear to be relevant for physics). The simply-laced part of the algebra gives rise to the usual
Berman relations (13) for K(BE10), and the only one that is not of the type (13) is
[x9, [x9, [x9, x8]]] + 4 [x9, x8] = 0. (18)
Now we turn back to the general features of the maximal compact subalgebra K(g). The
subalgebra K(g) of an infinite-dimensional Kac–Moody algebra is not of Kac–Moody type [27].
This means that there is no grading of K(g): being the K(g) generators a combination of
elements from positive and negative root spaces
K(g)α ≡ K(g)−α ⊂ gα⊕ g−α, (19)
K(g) possesses a filtered structure
[K(g)α,K(g)β] ⊂ K(g)α+β ⊕K(g)α−β . (20)
This means that we can associate a root to each K(g) generator, by keeping in mind that we
are not really speaking of a ‘root’ of K(g), but of the structure given by (19). It also means
that the established tools of representation theory (in particular, highest and lowest weight
representations) are not available for K(g).
More specifically, below we will look for spinorial, i.e. double-valued representations of the
compact subalgebraK(g). For this, what is known about Kac–Moody representation theory is of
no help: although it is easy to generate representations of K(g) by decomposing representations
of g itself w.r.t. K(g) ⊂ g, these will not be spinorial, hence not suitable for the description
of fermions. As it will turn out, so far only non-injective finite-dimensional, hence unfaithful,
representations of this type are known, and it remains a major open problem to find faithful
spinorial representations.
A general property of K(g) defined through the Cartan–Chevalley involution (8) is that the
restriction of the invariant bilinear form on g to K(g) is of definite type even though the form
on g is indefinite for Kac–Moody algebras. To understand this, we note that the bilinear form
on g satisfies
(ei, fj) = δij , (21)
which implies
(xi, xj) = −δij , (22)
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for all simple generators of K(g), so that the form is negative definite on them (for K(g) we
obviously do not need the remaining relation (hi|hj) = Aij). This property can be seen to
extend to all of K(g). This is another reason why K(g) is referred to as the maximal compact
subalgebra, as finite-dimensional compact (semi-simple) algebras are characterised by having a
negative definite invariant form. Unlike for the finite dimensional case, the term ‘compact’ in
the case of affine or indefinite Kac–Moody algebras or groups is used to highlight this algebraic
property and does not imply a topological notion of compactness for the corresponding algebra
or group (even though a topology can be defined w.r.t. the norm induced by (22)).
3 Spin representations
We now address the question of constructing spin representations of K(g), i.e. representations
of K(g) that are double-valued when lifted to a group representation. It turns out that a useful
prior step is to introduce a convenient metric on the space of roots, called the DeWitt metric,
which arises in canonical treatments of diagonal space-time metrics in general relativity [28,29].
It is most easily written in the wall basis ea on h∗, such that a = 1, . . . , n lies in the same
range as the index we have used for labelling the simple roots αi. We use the different font a to
emphasise its property that the inner product takes the standard form
ea · eb = Gab , Gab = δab − 1
n− 1 . (23)
The DeWitt metric Gab has Lorentzian signature (1, n − 1). A root α is expanded as α =∑n
a=1 αae
a and in the examples below we will provide explicit lists of coefficients αa for the
simple roots αi such that their inner product gives back the symmetrised Cartan matrix (7) via
αi · αj = Bij . Below we will also use letters pa ≡ αa to denote the root components, such that
α ≡ (p1, · · · , pd).
The spinor representations of K(g) will be constructed on a tensor product space V ⊗W
whereW carries the ‘spinorial’ part of the representation and V the ‘tensorial’ part. The spaces
V we consider here are obtained within the s-fold tensor product of h∗. On (h∗)⊗s we can
introduce a multi-index A = (a1, . . . , as) and a bilinear form GAB = Ga1b1 · · ·Gasbs . We shall
typically consider only the case when V is a symmetric tensor product, such that all indices in
Ga1b1 · · ·Gasbs have to be symmetrised.
The space W on the other hand will be taken to be an irreducible real spinor representation
of the Euclidean so(n) and we label its components by an index α whose range depends on the
size of the real spinor. On W there is also a bilinear form δαβ .
Elements of V ⊗W will then be denoted by φAα and, for A referring to the s-fold symmetric
product, the object φAα is called a spinor of spin
(
s + 12
)
; as already emphasised in [13] this
terminology, which is inspired by d = 4 higher spin theories, should not be taken too literally
in that it mixes the notion of space-time spin with that on DeWitt space. Consider now the
relation {
φAα , φ
B
β
}
= GABδαβ ; (24)
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this equation is meant to generalise the standard Dirac bracket of the components of a gravitino
field, see for instance [7]. The elements φAα are in this case thought of as ‘second quantised’ field
operators with canonical anti-commutation relations. A particular way of realising this relation
is as Clifford generators [24].
Because of the Clifford algebra defining relation (24), the V ⊗W matrices have to be antisym-
metric under simultaneous interchange of the two index pairs. Given the elements XAB = XBA,
YCD = −YCD in V , and Sαβ = −Sβα, T γδ = T δγ in W , these satisfy XAB Sαβ = −XBA Sβα and
YCD T
γδ = −YDC T δγ . The generic elements of the Clifford algebra over V ⊗W can thus always
be written as a sum (Aˆ+ Bˆ), where
Aˆ = XAB S
αβ φAαφ
B
β , Bˆ = YCD T
γδ φCγφ
D
δ . (25)
The commutator of two such elements is conveniently evaluated in terms of the ‘master relation’[
Aˆ, Bˆ
]
=
(
[X,Y ]AB {S, T}αβ + {X,Y }AB [S, T ]αβ
)
φAαφ
B
β , (26)
hence the form (25) is preserved.
We use (25) to write an ansatz for a bilinear operator J(α) associated to a root α of K(g),
viz.
Jˆ(α) := X(α)AB φ
A
αΓ(α)αβφ
B
β . (27)
If α is real, Jˆ(α) refers to the essentially unique element in K(g)α while for imaginary roots α
there are as many components to Jˆ(α) as the root multiplicity of α. The matrix Γ(α) is built
out of the Euclidean Dirac gamma matrices corresponding to the ℓ = 0 generators of K(g),
potentially augmented by a time-like gamma matrix, in such a way that each element α of the
root lattice is mapped to an element of the associated real Clifford algebra; its dimension depends
on which space W we are considering, and is related to the irreducible spinor representation of
so(n) of so(1, n) underlyingW . We shall be more explicit in the examples below. X(α) is called
polarisation tensor and is required to elevate the spin-12 representation generated by Γ(α) to
higher spin; again, we shall be more explicit below.
We can express the action of the simple generators xi ≡ J(αi) of K(g) on the spinor φAα :
this is given by
(J(α)φ)Aα ≡
[
Jˆ(α), φ
]A
α
= −2X(α)ABΓ(α)βα φBβ , (28)
or
J(α)AB
αβ ≡ −2X(α)ABΓ(α)αβ . (29)
When written without a hat, we think of Jˆ(α) as the classical representation of the generator
that acts simply by matrix multiplication on the components of φAα . We will use this expression
as our ansatz when for searching for spin representations. The strategy will be to look for
suitable X(α) and Γ(α) such that J(α) satisfies the Berman relations (11).
3.1 The simply-laced case
The ansatz (29) allows to translate the Berman relations (13) of a simply-laced algebra into
relations for the matrices X(α) and Γ(α).
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In the simply-laced case, we can associate a gamma matrix Γ(α) to each element α of the
root lattice using a standard construction [30]. These matrices Γ(α) satisfy the relations
Γ(α)Γ(β) = (−1)α·βΓ(β)Γ(α), (30a)
Γ(α)T = (−1) 12α·αΓ(α), (30b)
Γ(α)2 = (−1) 12α·α 1 . (30c)
As we will see below, these relations can also be satisfied when the algebra is not simply-laced,
provided one normalises the inner product such that the shortest roots have α2 = 2. These
relations are absolutely crucial for the construction of higher spin representations. In particular,
the relations (34) below would not make sense without (30).
Using the Γ-matrices we can construct a solution to the Berman relations (13) in the non-
simply-laced case as follows. First, observe that the expressions (30) imply
[Γ(α), [Γ(α),Γ(β)]] = −4Γ(β) when α · β = ∓1, (31a)
[Γ(α),Γ(β)] = 0 when α · β = 0. (31b)
Thus, choosing J(αi) =
1
2Γ(αi) for all simple roots will solve the Berman relations (13) for
the representation xi = J(αi). In terms of the ansatz (29), this means X(α) = −1/4 for the
polarisation and the space V is one-dimensional. For simply-laced algebras g one has also that
all real roots are Weyl conjugate and we can choose
J(α) =
1
2
Γ(α), (32)
for all real roots α. This is the spin-12 representation constructed in [4, 5, 7, 20]. Its spinorial
character follows from the relation
exp
(
2πJ(α)
)
= − 1, (33)
which will also hold for higher spin representations.
Now we move on to higher spin: in this case the space W is more than one-dimensional and
the polarisation tensor X(α) has a non-trivial structure. Making the ansatz (29) for J(α) we
can then determine a sufficient condition for X(α) to solve the Berman relations (13). Upon
using (30) and (26), we see that
{
X(α),X(β)
}
=
1
2
X(α ± β) if α · β = ∓1, (34a)[
X(α),X(β)
]
= 0 if α · β = 0, (34b)
is a sufficient condition when the roots range over the simple roots (or even all real roots). In this
relation the polarisation tensors indices on the polarisation tensors are raised and lowered with
GAB and its inverse in order to define the matrix products. The relations (34) are a sufficient
condition for every simply-laced Kac–Moody algebra and they will be the main equations we
solve. We now discuss higher spin representations for some simply-laced Kac–Moody algebras,
namely AEd, E10 and DE10.
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Figure 4: Dynkin diagram of AEd
3.1.1 AEd and K(AEd) (d > 3)
The indefinite Kac–Moody algebra AEd, obtained by double extension of the Cartan type Ad−2,
is the conjectured symmetry algebra for Einstein’s gravity in (d + 1) dimensions. For d > 9,
these algebras are no longer hyperbolic, but of general Lorentzian type. This holds in particular
for AE10, which is a subalgebra of E10 and is conjectured to govern the gravitational sector of
11-dimensional supergravity.
The AEd Dynkin diagram is depicted in figure 4. The corresponding Cartan matrix can be
realised by simple roots in the wall basis. Because this algebra is associated with pure Einstein
gravity in (d+ 1) space-time dimensions, the relevant DeWitt metric is
Gab = δab − 1
d− 1 , (35)
and the simple roots in the wall basis are
α1 = (1,−1, 0, . . . , 0), (36a)
α2 = (0, 1,−1, 0, . . . , 0), (36b)
...
αd−1 = (0, ..., 0, 1,−1), (36c)
αd = (0, 0, 1, . . . , 1, 2). (36d)
The spin-12 representation of K(AEd) can be constructed using the real matrices Γ(α) appearing
in (30). For their explicit construction we need the real SO(1, d) Clifford algebra in (d + 1)-
dimensional spacetime generated by {Γµ,Γν} = 2ηµν .3
The SO(1, d) Clifford algebra contains the real element
Γ∗ ≡ Γ0Γ1 · · ·Γd = 1
(d+ 1)!
ǫµ0µ1...µdΓµ0Γµ1 · · ·Γµd , (37)
that satisfies
(Γ∗)
2 = (−1) d(d+1)2 +1,
{
d even: [Γ∗,Γa] = 0
d odd: {Γ∗,Γa} = 0
}
. (38)
The real SO(d) Clifford algebra in d dimensions with {Γa,Γb} = 2δab (see e.g. [32, Section 2]),
which is associated with the so(d) = K(Ad−1) subalgebra of K(AEd), is obviously contained in
the above Clifford algebra. The need for the Lorentzian Clifford algebra SO(1, d) is thus not
3We use the mostly plus signature for Minkowski space-time and ǫ01...d = +1 with Lorentz indices µ, ν, ... ∈
{0, 1, . . . , d}. The Γ-matrices are real nd × nd matrices with n3 = 4 , n4 = n5 = 8 , n6 = · · · = n9 = 16 and
n10 = 32 (see e.g. [31,32]; for yet higher d the numbers follow from Bott periodicity nd+8 = 16nd [33]).
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immediately obvious from the above Dynkin diagram, but is necessitated by the extra node αd
associated with the dual graviton, as we will shortly explain. We also note that when d ≡ 2
mod 4, the matrix Γ∗ is proportional to the identity.
After these prepararations we define the matrices Γ(α) for the simple roots of AEd:
Γ(α1) ≡ Γ12 , . . . , Γ(αd−1) ≡ Γd−1,d, (39)
for the first (d− 1) roots, and
Γ(αd) ≡ Γ345···d−1Γ∗ = Γ∗Γ345···d−1 = (−1)
d(d−1)
2 Γ012d, (40)
for the last simple root. Before motivating this definition from supergravity, we first check the
Berman relations with the identification (32). The relations for the line spanned by the roots
α1, . . . , αd−1 correspond to the usual so(d) algebra written in terms of gamma matrices and
therefore are automatically satisfied. The non-trivial key relation to check is therefore the one
involving nodes d− 1 and d of diagram 4. This leads to
[Γ(αd), [Γ(αd),Γ(αd−1)]] = (Γ∗)
2 [Γ34...d−1, [Γ34...d−1,Γd−1,d]]
= 2 (Γ∗)
2 [Γ34...d−1,Γ34...d−2,d]
= 4 (Γ∗)
2(−1)d(d−3)/2Γd−1,d
= −4Γ(αd),
where the important point is that the property of Γ∗ is always such that this sign works out to
be negative – showing explicitly the necessity of going Lorentzian, since otherwise the Berman
relations would not hold. In summary, we have verified all Berman relations and constructed
the spin-12 representation of K(AEd) for all d > 3 in terms of the associated Lorentzian Clifford
algebra.
The above definition of Γ(α) can be extended to the whole root lattice by multiplication.
For instance, for real roots α ≡ (p1, · · · , pd) this leads to the simple formula
Γ(α) = (Γ1)
p1 · · · (Γd)pd (Γ∗)
1
d−1
∑d
a=1 pa . (41)
These matrices satisfy (30), which is crucial for reducing the problem of finding higher spin
representations to solve for the polarisation tensors.
Let us briefly motivate the definition (40) from supergravity. The group AEd is conjectured
to be related to symmetries of gravity in d+ 1 space-time dimensions and, where it exists, also
of the corresponding supergravity theory. Decomposing the adjoint of AEd under its Ad−1 ∼=
sl(d) subalgebra reveals the gravitational fields: at level ℓ = 0 one has the adjoint of gl(d)
corresponding to the graviton and at level ℓ = 1 one finds the dual graviton that is a hook-
tensor representation of type (d − 2, 1) under gl(d), meaning that it can be represented by a
tensor ha1...ad−2,a0 with anti-symmetry in the first d − 2 indices (h[a1...ad−2],a0 = ha1...ad−2,a0)
and Young irreducibility constraint h[a1...ad−2,a0] = 0. From the partial match of the bosonic
gravitational dynamics to an AEd/K(AEd) geodesic one knows this field to be related to (the
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traceless part of) the spin connection via a duality equation of the form [3,27,34]4
ωa0bc =
1
(d− 2)! ǫ0bca1...ad−2 ∂0ha1...ad−2,a0 . (42)
The indices a, b here are spatial vector indices of so(d). The root vector for αd corresponds to
the component h34...d,d.
Assuming now a supersymmetry variation for a vector-spinor δǫΨµ =
(
∂µ +
1
4ωµρσΓ
ρσ
)
ǫ for
the standard redefined 0-component of the vector-spinor leads to [7]
δǫ (Ψ0 − Γ0ΓaΨ) = 1
4
ω0abΓ
abǫ− 1
4
Γ0Γ
aωabcΓ
bcǫ+ · · · , (43)
where the ellipsis denotes terms that contain partial derivative and components of the spin
connection that are irrelevant for the present discussion. Using the ‘dictionary’, according to
which ω0ab multiplies the level ℓ = 0 generator of K(AEd) acting on the spin-
1
2 field ǫ, while
∂0ha1...ad−2,a0 multiplies the level ℓ = 1 generators of K(AEd) acting on ǫ we deduce that the
first d − 1 roots of K(AEd) should be represented by matrices Γab as we claimed in (39) and
that the generator for the root αd is represented by
ǫ0123...d Γ012d ∝ Γ345...d−1Γ∗, (44)
as claimed in (40), where we also used the fact that we only consider the traceless part of the
spin connection. We recall that when d ≡ 2 mod 4, the matrix Γ∗ is proportional to the identity
and can then be eliminated from this formula. This happens for example for AE10 ⊂ K(E10)
consistent with the known formulas for the spin-12 field of K(E10), see [7] and the next section.
In order to find higher-spin representations of K(AEd) we can thus look for solutions of (34);
the ansatz for X(α) depends on the number of indices s that determine the spin
(
s + 12
)
. For
the spin-32 case we have a two-index tensor X(α)ab; the unique solution to (34) consistent with
the symmetries is
X(α)a
b = −1
2
αaα
b +
1
4
δa
b. (45)
The spin-52 solution is
X(α)ab
cd =
1
2
αaαbα
cαd − α(aδb)(cαd) +
1
4
δ(c
a
δ
d)
b
. (46)
The spin-52 representation is not irreducible: the space of elements of the form Gabφ
ab
α forms a
subrepresentation isomorphic to the spin-12 representation and splits off as a direct summand.
It is worth noting that these expressions do not depend on the rank d of the algebra: the
coefficients are universal.
4More precisely, one should consider the coefficients of anholonomy but for our discussion here this difference
does not matter.
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In the spin-72 representation we find a different situation, since now there is an explicit
dependence on the rank d (and hence on the dimension of the associated physical theory):
X(α) def
abc
= −1
3
αaαbαcα
dαeαf +
3
2
α(aαbδ
(d
c)α
eαf) − 3
2
α(aδ
(d
b
δe
c)α
f) +
1
4
δ
(d
(aδ
e
b
δ
f)
c)
+
14 + d± 2√6(8 + d)
(2 + d)2
α(aGbc)G
(deαf)
− 6±
√
6(8 + d)
6(2 + d)
(
α(aαbαc)G
(deαf) + α(aGbc)α
(dαeαf)
)
.
(47)
Let us also mention that the above formulas are valid for real α, and not just the simple roots,
again by Weyl conjugacy (since the Weyl group also acts appropriately on the polarisation
tensors). One can now try to extend these results to still higher spins by making the most general
ansatz for a spin-92 representation in the four-fold symmetric tensor product of h
∗. However, we
have not been able so far to find any non-trivial solution to (34), and the same holds for yet
higher spins s = 112 ,
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2 , · · · . This clearly indicates the need for more general ansa¨tze.
3.1.2 E10 and K(E10)
The maximally extended hyperbolic Kac–Moody algebra E10 is conjectured to be a fundamental
symmetry of M-theory, see [3].5 Besides its intimate relation with maximal supergravity, it is
also the universal such algebra which contains all other simply-laced hyperbolic Kac–Moody
algebras [35].
The E10 Dynkin diagram is shown in figure 5. The DeWitt metric is
Gab = δab − 1
9
, (48)
and the simple roots in the wall basis are
α1 = (1,−1, 0, . . . , 0), (49a)
α2 = (0, 1,−1, 0, . . . , 0), (49b)
...
α9 = (0, . . . , 0, 0, 1,−1), (49c)
α10 = (0, . . . , 0, 1, 1, 1). (49d)
We use the real 32× 32 gamma matrices that satisfy {Γa,Γb} = 2δab (a, b = 1, . . . , 10) to define
Γ(α) := (Γ1)
p1 · · · (Γ10)p10 . (50)
or equivalently,
Γ(α1) = Γ12, . . . , Γ(α9) = Γ9 10, Γ(α10) = Γ89 10. (51)
5An alternative proposal based on the non-hyperbolic ‘very extended’ Kac–Moody algebra E11 was put forward
in [2].
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Figure 5: Dynkin diagram of E10
Then it is easy to check that the generators J(α) = 12Γ(α) satisfy the Berman relations (13).
The polarisation tensors of the spin 32 ,
5
2 and
7
2 representations for K(E10) are exactly the
same as in the K(AEd) case for d = 10; in particular, the spin-
7
2 polarisation tensor is
X(α) def
abc
= −1
3
αaαbαcα
dαeαf +
3
2
α(aαbδ
(d
c)α
eαf) − 3
2
α(aδ
(d
b
δe
c)α
f) +
1
4
δ
(d
(aδ
e
b
δ
f)
c)
+
1
12
(2±
√
3)α(aGbc)G
(deαf)
− 1
12
(1±
√
3)
(
α(aαbαc)G
(deαf) + α(aGbc)α
(dαeαf)
)
.
(52)
These representations have been studied in [13] and [15].
3.1.3 DE10 and K(DE10)
We next analyze the spinor representations of K(DE10), the involutory subalgebra of DE10
which is related to the pure type I supergravity in 10 dimensions [36].
The DE10 Dynkin diagram is given in figure 6, and its DeWitt metric is
Gab = δab − 1
8
, G10,a = Ga,10 = 0, G10,10 = 2, (53)
where a, b = 1, . . . , 9; in this case the metric takes a non-standard form because of the presence
of the dilaton in the supergravity theory associated to G10,10.
The ten simple roots are
α1 = (1,−1, 0, . . . |0), (54a)
α2 = (0, 1,−1, 0, . . . |0), (54b)
...
α8 = (0, . . . , 0, 1,−1|0), (54c)
α9 = (0, . . . , 0, 1, 1|1/2), (54d)
α10 = (0, 0, 0, 1, . . . , 1 | − 1/2). (54e)
To find the spin-12 representation we make use of the 16 × 16 real SO(9) gamma matrices Γa
(a = 1, . . . , 9) and define (for α ≡ (p1, . . . , p9|p10))
Γ(α) := (Γ1)
p1 · · · (Γ9)p9 , (55)
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Figure 6: Dynkin diagram of DE10
so that, in particular, Γ(α10) = Γ456789. Importantly, the dilaton coordinate (the tenth one) does
not affect the representation. It is easily checked that J(α) = 12Γ(α) satisfies the Berman rela-
tions for a simply laced algebra (13). The polarisation tensors for the higher spin representations
are the same of the E10 case, DE10 being a simply-laced algebra.
We note that the above definition implies Γ(α8) = Γ(α9) = Γ89. This degeneracy follows from
the fact that DE10 is associated with type I (half maximal) supergravity, and there are only 16,
rather than 32, real spinor components. It means that this 16-dimensional spinor representation
of K(DE10) does not distinguish the two spinor nodes of the Dynkin diagram. From the point
of view of space-time rotations this is related to the fact that the spatial rotations SO(9) sit
inside SO(9)× SO(9) ⊂ K(DE10) as the diagonal subgroup, and thus treat both nodes in the
same way. One could also introduce a bit artificially a 16-component spinor representation
where Γ(α9) = −Γ(α8) that is superficially of different chirality, but this change of sign can
be undone by simply redefining the generators of K(DE10) and thus is of real significance. As
usual assigning chirality is a convention that only becomes meaningful in relation to other chiral
objects.
3.2 The non-simply-laced case
When the algebra g is not simply-laced we have to solve different relations than (13). This is,
we look for generators J(α) that satisfy the original Berman relations (11).
3.2.1 AE3 and K(AE3)
The Dynkin diagram of AE3 is given in figure 1 and its Cartan matrix in (14). It was first
studied in detail in [37]. We notice that this algebra is non-simply-laced but symmetric: this
means that the Berman relations are symmetric, and they are given in (15).
The metric is
Gab = δab − 1
2
, (56)
and the simple roots in the wall basis are
α1 = (1,−1, 0), (57a)
α2 = (0, 1,−1), (57b)
α3 = (0, 0, 2). (57c)
We construct the gamma matrices Γ(α) starting from the real symmetric 4× 4 gamma matrices
Γa (a = 1, . . . , 3) that satisfy {Γa,Γb} = 2δab. For any root α ≡ (p1, p2, p3) we deduce the
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matrices Γ(α) as a special case of (40):
Γ(α) = (Γ1)
p1(Γ2)
p2(Γ3)
p3(Γ∗)
(p1+p2+p3)/2. (58)
This definition is chosen in such a way that the relations (30) are satisfied for any root α, as
can be verified. Then, the matrices for the simple roots are Γ(α1) = Γ12, Γ(α2) = Γ23 and
Γ(α3) = Γ∗. It is easy to see that these matrices generate the algebra u(2).
Now it is easy to check that the generators J(α) = 12Γ(α) give rise to a spin-
1
2 representation
as in the simply-laced case, since they satisfy the Berman relations (15). Because Γ∗ commutes
with all elements generated from the simple roots, there exists in this particular case a non-trivial
central element in the second quantised description which is given by
Z = φaαGab(Γ∗)αβφbβ. (59)
For higher d such a central element exists whenever Γ∗ is anti-symmetric (because the fermion
operators anti-commute), which for AEd is the case for d = 3, 7, · · · . However, it does not
exist for K(E10). The existence of this central element plays an important role in the analysis
of supersymmetric quantum cosmology in a Bianchi-type truncation [21, 22], where it helps
in particular in diagonalising the Hamiltonian and in elucidating the structure of the quartic
fermion terms (which are often ignored in discussions of supersymmetric quantum cosmology).
In order to find higher spin representations, we need to rewrite the Berman relations (15) in
terms of the polarisation tensors X(α): from the ansatz (29) and the relations (30) among the
Γ(α)’s, the equations (15) turn into
4{X(α1), {X(α1),X(α2)}} −X(α2) = 0, (60a)
4{X(α2), {X(α2),X(α1)}} −X(α1) = 0, (60b)
{X(α2), {X(α2), {X(α2),X(α3)}} − {X(α2),X(α3)} = 0, (60c)
{X(α3), {X(α3), {X(α3),X(α2)}} − {X(α3),X(α2)} = 0, (60d)
[X(α1),X(α3)] = 0. (60e)
There are several solutions to these relations. The spin-32 and spin-
5
2 representations are exactly
the same as in the simply-laced case. The novelty of K(AE3) stands in the spin-
7
2 , which gives
two different representations:
X(α) def
abc
= −1
3
αaαbαcα
dαeαf +
3
2
α(aαbδ
(d
c)α
eαf) − 3
2
α(aδ
(d
b
δe
c)α
f) +
1
4
δ
(d
(aδ
e
b
δ
f)
c)
+
1
25
(17± 2
√
66)α(aGbc)G
(deαf)
− 1
30
(6±
√
66)
(
α(aαbαc)G
(deαf) + α(aGbc)α
(dαeαf)
)
,
(61)
and
X(α) def
abc
= −1
3
αaαbαcα
dαeαf +
3
2
α(aαbδ
(d
c)α
eαf) − 3
2
α(aδ
(d
b
δe
c)α
f) +
1
4
δ
(d
(aδ
e
b
δ
f)
c)
+
1
50
(19± 4
√
21)α(aGbc)G
(deαf)
− 1
30
(6±
√
21)
(
α(aαbαc)G
(deαf) + α(aGbc)α
(dαeαf)
)
.
(62)
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Note that the first solution can be obtained from the K(AEd) case by setting d = 3 (compare
with equation (47)), while the second expression is completely new. Its relation to gravity is
unknown to date.
3.2.2 G++2 and K(G
++
2 )
G++2 plays the role of the symmetry algebra for 5-dimensional supergravity, similarly as E10
does for 11-dimensional supergravity [38]. There are indeed many similarities between the two
theories [39]; nevertheless, the underlying symmetry algebras G++2 and E10 exhibit very different
properties.
The G++2 Dynkin diagram is in figure 2, and its Cartan matrix in (16). This algebra is
not only non-simply-laced, it is also non-symmetric. Nonetheless G++2 is symmetrizable, which
means that it is possible to find a diagonal matrix D such that B = DA is symmetric. The
choice D = diag
(
3, 3, 3, 1
)
leads to
B =


6 −3 0 0
−3 6 −3 0
0 −3 6 −3
0 0 −3 2

 ; (63)
since the scalar product will be introduced with respect to the symmetrised Cartan matrix B,
the fourth root α4 will be interpreted as the ‘short’ root with length 2. The Berman relations
are given in (17).
Because the associated supergravity theory lives in five dimensions [40,41], the DeWitt metric
is
Gab = δab − 1
3
. (64)
However, in order to ensure that the root lengths are always even and not fractional, we rescale
this metric by a factor of 3, viz.
Gab → G˜ab ≡ 3Gab = 3 δab − 1. (65)
A further advantage of this choice (which of course does not affect the Cartan matrix of G++2 )
is that relations (30) remain in force.
The simple roots in the wall basis are given by
α1 = (1,−1, 0, 0), (66a)
α2 = (0, 1,−1, 0), (66b)
α3 = (0, 0, 1,−1), (66c)
α4 = (0, 0, 0, 1). (66d)
For the construction of the associated Γ(αi) we use the very same 8-by-8 matrices as for AE4,
the only difference being the assignment for the simple root α4:
Γ(α1) = Γ12, Γ(α2) = Γ23, Γ(α3) = Γ34, Γ(α4) = Γ4Γ∗, (67)
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where Γ∗ was defined in (37) and commutes with Γa. As before its presence is necessary to
satisfy the quadrilinear relation in (17). We recall that the R symmetry of simple supergravity
in five dimensions is USp(2) [41]. As we shall see, this R symmetry will be enlarged to USp(4)
by the extension to K(G++2 ). We also note that a proposal for including the USp(2) R symmetry
into the algebra by using a non-split real form of an extension of G++2 was made in [42].
In order to investigate the higher spin representations, we write the Berman relations for the
polarisation tensors X(α): they are
4{X(α1), {X(α1),X(α2)}} −X(α2) = 0, (68a)
4{X(α2), {X(α2),X(α1)}} −X(α1) = 0, (68b)
4{X(α2), {X(α2),X(α3)}} −X(α3) = 0, (68c)
4{X(α3), {X(α3),X(α2)}} −X(α2) = 0, (68d)
4{X(α3), {X(α3),X(α4)}} −X(α4) = 0, (68e)
16{X(α4), {X(α4), {X(α4), {X(α4),X(α3)}}}}
−40{X(α4), {X(α4),X(α3)}} + 9X(α3) = 0,
(68f)
[X(α1),X(α3)] = [X(α1),X(α4)] = [X(α2),X(α4)] = 0. (68g)
Up to now, we have considered ansa¨tze for X(α) in which the coefficients are the same for all
the simple roots; in this case, because of the short root α4, it is natural to assume a different
behaviour according to the length of the roots. This means that we expect to find different
coefficients for X(α4) if compared to the other polarisation tensors. The spin-
3
2 representation
is indeed found to be
X(α)a
b = ∓1
2
αaα
b ± 1
4
δa
b if α 6= α4, (69a)
X(α)c
d = ±3
2
αcα
d ∓ 3
4
δc
d if α = α4. (69b)
It is important to stress that the first solution is consistent with the results from the simply-laced
case: indeed α1, α2, α3 form a simply-laced part of K(G
++
2 ).
3.2.3 BE10 and K(BE10)
As a last example we consider the algebra K(BE10), which is related to the low energy limit of
the heterotic and type I superstrings [43]. One can here proceed in the usual way, by looking for
gamma matrices that satisfy the Berman relations and then look for the polarisation tensors. It
is indeed possible to find at least one matrix representation that fullfills the Berman relations,
which however suffers from the same degeneracy as DE10: the contribution of the extended
root α9 (refer to the Dynkin diagram 3) has to be trivially realised if one wants to obtain a
representation consistent with the physical theory. This unusual feature, however, does not
lead to inconsistencies or to a trivialization of the full algebra: the Berman relation (18) makes
possible to have x9 = 0 without affecting the other generators. This is a peculiar property of
this particular relation, since x9 appears in both commutators in (18).
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Once one has fixed the generator associated to α9 to be zero, then the spin representation is
easily found: “removing” the ninth node we are left with the affine algebra E9, and the K(E9)
representations are known [17,18]. They are given by the usual ansatz for Γ(α) (the same as for
DE10), built out of the 16× 16 Dirac matrices. The polarisation tensors are then the standard
ones for a simply-laced algebra.
Finally, let us comment on the consistency of the representation by focusing on a particular
subalgebra of BE10, namelyDE10. The embeddingDE10 ⊂ BE10 is suggested by the embedding
of pure type I supergravity into type I supergravity with additional matter couplings. This
embedding can be directly realised by comparison of the Dynkin diagrams 3 and 6: let Ei, Hi,
Fi be the DE10 generators and ei, hi, fi the BE10 ones. By letting
Ei = ei, Hi = hi, Fi = fi for i = 1, . . . , 8, 10, (70a)
E9 =
1
2
[e9, [e9, e8]], H9 = h8 + h9, F9 =
1
2
[f9, [f9, f8]], (70b)
one can check that the DE10 Chevalley–Serre relations are satisfied by virtue of the BE10 ones.
By using the explicit form of the K(BE10) generators xi = ei − fi we find that
[x9, [x9, x8]] = [e9, [e9, e8]]− [f9, [f9, f8]]− 2x8,
which, by virtue of the embedding (70), is equivalent to
X9 =
1
2
[x9, [x9, x8]] + x8, (71)
where Xi = Ei − Fi are the K(DE10) generators. It is clear, from the last expression, that
x9 = 0 implies X9 = x8: this is consistent with the results from section 3.1.3, where the gamma
matrices relative to the roots α8 and α9 are equal, Γ(α8) = Γ(α9) = Γ89, which means that
the corresponding generators are equivalent. We here see the same degeneracy that we already
encountered for DE10, in accord with the fact that BE10 is relevant for type I supergravity with
(vector multiplet) matter couplings.
4 Quotients
The spin representations constructed above are unfaifthful, since they are finite-dimensional
representations of an infinite-dimensional Lie algebra. The unfaithfulness implies the existence
of non-trivial ideals i for the algebra, where i is spanned by those combinations of K(g) elements
which annihilate all vectors in the given representation. For each i this entails the existence of
the quotient Lie algebra
q = K(g)/i. (72)
Growing with the spin of the representation the algebra gets more and more faithful, so that
the quotient becomes bigger (and the ideal smaller). For instance, in the case of the spin-12
representation of K(E10) the quotient is isomorphic to so(32), as can be easily shown by using
q ∼= Im ρ, (73)
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where ρ : K(g) → End(V ⊗W ) is the representation map. It then follows immediately that
q ∼= so(32) because the matrices Γ(α) for real roots α close into the antisymmetric 32-by-32
matrices. Things are not so easy for the higher spin representations, due to the dimension of
the representations and to the presence of non-trivial polarisation tensors.
In general, questions about the quotient algebra can be asked in terms of the representation
matrices because these give a faithful image of q. However, we will encounter two very unusual
features. One is that the quotient algebra q in general is not a subalgebra of K(g). The other
is that, as a finite-dimensional Lie algebra, q is in general non-compact even though it descends
from the maximal compact subalgebra K(g) ⊂ g !
4.1 Spin-1
2
quotients in AEd
From the description of the simple generators for K(AEd) in the spin-
1
2 representation in (39)
and (40) it is also possible to determine the quotient algebras for the various d. The quotient
depends on the properties of the gamma matrices of so(1, d) that are known to exhibit Bott
periodicity, i.e., the properties (Majorana, Weyl, etc.) are periodic in d with period 8.
The relevant quotient algebra in terms of gamma matrices is generated by Γab (ℓ = 0),
Γ0abc (ℓ = 1) and repeated commutation for the various cases leads to antisymmetric matrices
according to
ℓ = 0 : Γ[2] (74a)
ℓ = 1 : Γ0Γ[3] (74b)
ℓ = 2 ⊂ [ℓ = 1, ℓ = 1] : Γ[6] (74c)
ℓ = 3 ⊂ [ℓ = 2, ℓ = 1] : Γ0Γ[7] (74d)
ℓ = 4 ⊂ [ℓ = 3, ℓ = 1] : Γ[10] (74e)
...
...
We have only listed the new matrices at each step and for a given d one has to truncate away
those matrices that vanish by having too many antisymmetric indices. Γ[k] here denotes the
k-fold antisymmetric product of gamma matrices.
Based on this sequence of generators one can determine the quotient Lie algebras as
q1/2(K(AE3)) ∼= u(2) acting on R4 (75a)
q1/2(K(AE4)) ∼= usp(4) ∼= so(5) acting on R8 (75b)
q1/2(K(AE5)) ∼= usp(4) ⊕ usp(4) acting on R8⊕R8 (75c)
q1/2(K(AE6)) ∼= spin(9) acting on R16 (75d)
q1/2(K(AE7)) ∼= u(8) acting on R16 (75e)
q1/2(K(AE8)) ∼= so(16) acting on R16 (75f)
q1/2(K(AE9)) ∼= so(16) ⊕ so(16) acting on R16⊕R16 (75g)
q1/2(K(AE10)) ∼= so(32) acting on R32 (75h)
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All spinorial representations are double valued as it should be. As we have indicated in the above
list, in the cases when the number of space dimensions is d = 5 + 4k (for k ∈ Z≥0), one may
naively end up with a reducible spinor space when constructing the Clifford algebra. For these
values of d one has that (Γ∗)
2 = + 1 and can use this to define chiral spinors by projecting to the
Γ∗ = ± 1 eigenspaces. The irreducible spin-12 representation then just corresponds to a single
summand of the space given in the list. This is the case in particular for K(AE9) that embeds
into K(DE10) where we constructed the 16-dimensional spin-
1
2 representation in section 3.1.3.
The occurrence of unitary algebras for d = 3 + 4k is due to the fact that there the element
Γ∗ belongs to the quotient and since (Γ∗)
2 = − 1 this can be used as a complex structure that
is respected by all elements of the quotient, leading to a unitary algebra.
We also note some coincidences between quotient algebras that have a physical interpretation
in terms of truncations of certain mulitplets in supergravity:
q1/2(K(G
++
2 ))
∼= q1/2(K(AE4)) ∼= usp(4), (76a)
q1/2(K(DE10)) ∼= q1/2(K(AE9)) ∼= q1/2(K(BE10)) ∼= so(16), (76b)
q1/2(K(AE10)) ∼= q1/2(K(E10)) ∼= so(32). (76c)
Finally, we note that for all these spin-12 representations only the real root spaces are represented
faithfully, but not the root spaces associated with imaginary roots.
4.2 Quotient algebras for K(E10)
For K(E10), we present a more detailed analysis of the quotient Lie algebras for the higher spin
representations. The various representations of K(E10) that we have presented above admit an
invariant bilinear form (φ,ψ), whose specific form depends on the representation. The form is
invariant w.r.t. the action of the algebra elements, or equivalently
(x · φ,ψ) + (φ, x · ψ) = 0, (77)
where x· represents the action of a K(E10) element on the representation space. The bilinear
form is symmetric in its arguments.
The abstract expression (77) can be written explicitly in terms of the generators of the
representation, and the general result is
ηJ + JT η = 0, (78)
where η ≡ GABδαβ is the bilinear form and J ≡ J(α) is the root generator. Plugging the
ansatz (29) into (78), one finds for an antisymmetric Γ (e.g. for a real root)
GX −XTG = 0, (79a)
which means symmetric X; on the converse, for a symmetric Γ (e.g. for a null root)
GX +XTG = 0, (79b)
23
i.e. antisymmetric X.
We note that not every involutory subalgebra of an indefinite Kac–Moody algebra will admit
such an invariant form. For example, for K(E9) and K(E11) there are no such invariant bilinear
forms [7]. We also note that for E11 one normally considers an involution different from (8),
called the ‘temporal’ involution [2, 44, 45] such that the fixed-point algebra has an indefinite
bilinear form and in particular contains a Lorentz subalgebra so(1, 10) rather than the Euclidean
so(11).As these satisfy (78), we immediately deduce that q ⊂ so(η), where η is the bilinear form
on the representation space that is left invariant by the action of K(g). In the following, we
shall analyse this in some detail for the case of E10.
In the spin-12 case, the bilinear form is η = δαβ and its signature is (32, 0): the quotient
algebra must therefore be a subalgebra of so(32). By inspection of the explicit representation
matrices in terms of anti-symmetric gamma matrices one easily checks that any so(32) matrix
(in the fundamental representation) is in the image of the spin-12 representation and therefore
the quotient algebra is isomorphic to so(32). At the group level, the corresponding isomorphism
is K(E10) = SO(32).
6
For the higher spin representations, it is less easy to compute explicitly a basis for the
image of the representation (which is isomorphic to the quotient by (73)). The dimension of
the expected quotient is usually big, and it is a very hard computational problem to find all
the independent matrices which form a basis for the quotient; furthermore the dimension of the
representation itself is quite large, which means a huge size for the matrices.
In order to overcome these problems, we make use of the following procedure: given the Γ(α),
the constraint (78) can be solved for the X(α). If the solutions X are realised in the algebra
K(E10), then they provide a basis (together with Γ(α)) for the image of the representation.
Hence, by (73), they provide a basis for the quotient. From a practical point of view, we
have to choose a basis of Γ matrices (which is made of 1024 elements), and then solve the
constraint (78) with respect to X: therefore we have to check that all the solutions are realised
in the representation space.
4.2.1 Spin-32
The bilinear form is given by
(φ,ψ) = φaGabψ
b, (80)
whose signature is (288, 32). The dimension of so(288, 32) is 51 040, that we can decompose into
J = X⊗Γ as follows. The Γ(α) range over the full Clifford algebra in ten Euclidean dimensions;
this gives a basis of 210 = 1024 matrices. Of these 1024 matrices, 496 are antisymmetric
(corresponding to so(32) realised by real roots α and the only relevant ones for spin 1/2) and
528 are symmetric. In order for J = X ⊗ Γ to be antisymmetric with respect to (77), the
antisymmetric Γ(α) have to be paired with symmetric polarisation tensors X(α) and vice versa,
see (79). Symmetric matrices Γ(α) are obtained for α2 ∈ 4Z, so unlike spin-12 they require null
roots for their realization. Altogether this leads to 51 040 = 496 × 55 + 528 × 45 elements of
so(288, 32), where now also elements of the null root spaces are represented faithfully.
6 For K(E11), the corresponding quotient Lie algebra is sl(32) [16].
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For the proof we have to verify that the basis dimensions are realised in the representation
space, and this can be done by keeping a Γ(α) fixed and analysing all X(β) such that Γ(β) = Γ(α)
(there are infinitely many such β’s for E10). Actually, it suffices to verify this property just for
a smaller set of representative choices of Γ(α) as roots that are related by Weyl transformations
do not have to be considered separately, as Weyl transformations rotate both the roots and the
associated polarisation tensors. For real roots of E10 it is in fact enough to do this for one simple
root αi because all (infinitely many) real roots are Weyl conjugate.
This analysis can be done on a computer and we find that all the solutions from the con-
straint (78) are realised in the representation space: this means that the quotient algebra of the
spin-32 representation is
q3/2(K(E10))
∼= so(288, 32) . (81)
This result is an interesting outcome: the maximal compact subalgebra K(E10) gives rise to
the non-compact quotient so(288, 32). This surprising feature is shared by all known spin > 12
representations, and has no analog in the case of finite-dimensional Lie algebras, as will be
further discussed below.
4.2.2 Spin-52 and spin-
7
2
The very same procedure can be applied to the spin-52 representation: here, the invariant bilinear
form is
(φ,ψ) = φabGacGbdψ
cd, (82)
which has signature (1472, 288). Hence, the expected quotient algebra is so(1472, 288): again,
a non-compact quotient. Following our general procedure we solve the constraint (78) for X
(with the aid of the Γ’s basis), and the solution we find is a set of 1540 symmetric X matrices
associated to the antisymmetric Γ’s and 1485 antisymmetric X’s associated to the symmetric
Γ’s, which combine to a basis of so(1472, 288).
Again, we now would have to check that the solutions from (78) are all realised in the algebra.
To be sure, we have so far not been able to generate a complete basis for the polarisation tensors
in the algebra by iterating commutators, so we do not yet have a definite proof whether all
solutions of the constraint are actually realised in K(E10) or not. However, the number of
independent elements in K(E10) generated with our procedure is already so large that the
resulting quotient algebra cannot be anything else but
q5/2(K(E10))
∼= so(1472, 288) . (83)
where now also elements of root spaces associated to timelike imaginary roots with α2 = −2
are represented faithfully. Finally, the conjectured quotient for the spin-72 representation is
so(5568, 1472) but to verify this claim would require even more extensive checks than for spin-52 .
4.3 General remarks on the quotients
We found that the quotients for the spin-32 and spin-
5
2 representations are non-compact, in
marked contrast with the fact that they originate from a compact algebra, namely K(E10).
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This is a special feature that can occur only for infinite-dimensional algebras.7
If g is a finite-dimensional simple and simply-laced algebra of rank at least 2, its maximal
compact subalgebra K(g) is semi-simple, admitting no non-trivial solvable ideals. Representa-
tions of K(g) are then completely reducible by the standard theory of semi-simple compact Lie
algebras, and this applies in particular to the adjoint representation K(g) itself. Therefore, given
the existence of an ideal i ⊂ K(g), this is a representation of K(g) and, by complete reducibility,
must split off as a direct summand of K(g), i.e. K(g) = i⊕ q as a sum of K(g) representations.
In this decomposition we have already indicated that K(g)/i ∼= q is the remaining summand. An
explicit construction of q as the orthogonal complement of i in the (negative) definite invariant
form on K(g) is mentioned at the end of section 2.2. The bilinear form on q as a subalgebra of
K(g) is obtained by restriction and therefore preserves the definiteness property: any subalgebra
of K(g) must be compact. An instance where this happens is the Cartan type Dn. The split
real form is g = so(n, n) with K(g) = so(n)⊕so(n), showing explicitly that K(g) is semi-simple,
has ideals and that all subalgebras (= quotients) are compact.
For infinite-dimensional K(g), it is not known whether complete reducibility still holds and
one can therefore not repeat the same argument as above. Our investigations of the explicit
unfaithful representations show that it can happen that an ideal i does not split off as a direct
summand and therefore the quotient Lie algebra q = K(g)/i need not be a subalgebra of K(g).
Whether or not q admits an invariant bilinear form and whether this form is definite is a
question that has then to be answered separately as this form does not follow from that on K(g)
by restriction. If i should split off as a direct summand one could construct the quotient again
as the orthogonal complement of i as in the finite-dimensional case. Below we shall use this
construction to argue that for K(E9) the quotient cannot be a subalgebra (given by finite linear
combinations of K(g) elements) but rather is distributional in nature. This shows that i does
not split off in that case.
This result also applies to K(E10): for instance, the quotient so(288, 32) is not contained
in K(E10) as a subalgebra. Even though the image of the K(E10) generators in the unfaithful
representation behaves as so(288, 32) matrices, the generators themselves in K(E10) do not
obey the so(288, 32) algebra. If one wanted to write combinations of K(E10) that behave like
so(288, 32) in K(E10), one would require non-convergent infinite sums of generators, whose
commutators could not be meaningfully evaluated.
It is also worth noting that the K(E10) ideals for increasing spin are not necessarily embed-
ded into one another for increasing spin even though this might appear to be the case from the
quotient algebras that we have determined above and the increasing faithfulness of the repre-
sentation. Let us assume that i3/2 ⊂ i1/2; then q3/2 has to act on the spin-12 representation as
well.8 But there is no way so(288, 32) can act on the 32 components of the Dirac representation
spinor: this implies that the ideals are not contained in each other. (This is in contrast with
what happens for K(E9), where the ideals are in fact contained in each other, see [18] and
below.)
A more manageable illustration of the fact that the quotient by the ideal i is generally not a
7We are indebted to R. Ko¨hl for discussions on this point.
8We thank G. Bossard for pointing this out to us.
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subalgebra of the infinite-dimensional involutory algebra, unlike in the finite-dimensional case,
is provided by the example of the affine Kac–Moody algebra E9 and its involutory subalgebra
K(E9), and the action of the latter on the fermions of maximal D = 2 supergravity. Namely,
as shown in [17, 18, 46], to which we refer for further details, the involutory subalgebra K(E9)
admits an explicit realization via the E9 loop algebra; more precisely, it is realised by elements
x(h) =
1
2
hIJ(t)XIJ + hA(t)Y A, (84)
where (XIJ , Y A) are the 120 + 128 generating matrices of E8 and t ∈ C is the spectral pa-
rameter. The transformation (84) belongs to K(E9) Lie algebra if the (meromorphic) functions(
hIJ(t), hA(t)
)
obey the constraints
hIJ
(
1
t
)
= hIJ(t), hA
(
1
t
)
= −hA(t), (85)
as well as the reality constraint exhibited in [17]. For the Dirac (= spin-12) representation the
action of x(h) on the (16 + 16) chiral spinor components εI± is obtained by evaluation of the
functions
(
hIJ (t), hA(t)
)
at the distinguished points t = ±1 in the spectral parameter plane [46]9
x(h) · εI+ = hIJ(1) εJ+, x(h) · εI− = hIJ(−1) εJ−. (86)
Hence the quotient algebra is
q1/2(K(E9)) ∼= so(16)+ ⊕ so(16)−, (87)
which is manifestly not contained in either K(E9) or E9. The spin-
3
2 representation consists of
the 128 spinor components χA˙± and the gravitino components ψ
I
2± (we here adopt the supercon-
formal gauge, otherwise we would have an extra (16 + 16) components ψI±, see [17,18]
10). The
action of x(h) is now realised by evaluation of h and its first derivatives at t = ±1 [17]; more
precisely,
x(h) · ψI2± = hIJ(±1)ψJ2±,
x(h) · χA˙± =
1
4
hIJ(±1) ΓIJ
A˙B˙
χB˙± ∓
1
2
(h′)A(±1) ΓI
AA˙
ψI2±. (88)
The quotient algebra in the spin-32 representation is thus
q3/2(K(E9)) ∼=
[
so(16)+ ⊕ so(16)−
] ⊕ [R128+ ⊕ R128− ], (89)
which is a semi-direct sum and again not a subalgebra of K(E9). This is consistent with the
appearance of non-compact quotients in K(E10) (which contains K(E9)), as there is no way
9We note that each choice t = ±1 yields an irreducible 16-component chiral spinor of K(E9) but we treat the
two choices together as they result from the decomposition of the 32 components of the K(E10) Dirac spinor.
10With these extra components we would indeed recover the counting of the spin- 3
2
representation of K(E10):
2× (16 + 128 + 16) = 320.
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to embed a translation group into a compact group (and indeed, the above transformations
are contained in so(288, 32)). Furthermore, as shown in [18], there is an inclusion of ideals
i3/2 ⊂ i1/2 for K(E9) and this is consistent with the fact that (89) can act on the (16+16) spin-
1
2 components by having a trivial action of the translation part R
128
+ ⊕R128− on the spinor. We
also note that the spin-32 representation is indecomposable, in that the representation matrices
of (88) take on a triangular form
x(h) ·

χA˙
ψI2

 ∼
(
so(16)spin. R
128
128×16
0 so(16)fund.
)χA˙
ψI2

 . (90)
The indecomposability means that although ψI2 is a subrepresentation of the spin-
3
2 representa-
tion it does not split off as a direct summand, showing again the failure of complete reducibility
for K(g) in the Kac–Moody case.
The difficulty of quotienting out the ideal can be traced back to the distributional nature of
the complement of the ideal in K(E9) for both examples. The ideals i1/2 and i3/2, respectively,
are spanned by those elements x(h) in (84) for which either hIJ(±1) = 0, or hIJ(±1) = 0 and
(h′)A(±1) = 0. Consequently, the complement of either ideal would have to have δ-function-like
support at t = ±1 in the spectral parameter plane, and thus cannot be represented in the form
(84) with smooth functions h [18]. We anticipate that the difficulties for K(E10) are of a similar,
but more severe nature, probably requiring a substantial generalisation of known concepts of
distribution theory, as it is not clear whether the formally divergent series can be handled by
established tools of distribution theory, as was the case for K(E9).
5 K(E10) and Standard Model Fermions
We now come to a tantalizing, but much more speculative feature of the finite-dimensional
spin-32 spinor representation of K(E10), and a feature that may eventually allow to link up the
abstract mathematical theory developed here to Standard Model physics. Namely, for E10 it
turns out that the spin-32 representation, when viewed from the point of view of four-dimensional
physics, can be interpreted as the combination of eight massive gravitinos and 48 spin-12 matter
fermions, a remarkable coincidence with the fact that the observed quarks and leptons in the
Standard Model (including right-handed neutrinos) come in three families of 16 spin-12 fermions:
48 = 3× 16 !
This coincidence was already foreshadowed by the fact that maximal N = 8 supergravity,
in four dimensions, after complete breaking of supersymmetry, is characterised by 48 spin-12
fermions. As first stressed by Gell-Mann in [47], this number matches that of the 48 fermions
of the Standard Model if one includes three right-handed neutrinos; moreover, there is a way
of putting the known quarks and leptons into representations of the residual symmetry group
SU(3) × U(1) of N =8 supergravity remaining after the gauge group SO(8) is broken, provided
the supergravity SU(3) is identified with the diagonal subgroup of the color group SU(3)c and
a putative family symmetry group SU(3)f . However, there remained a mismatch in the electric
charge assignments by ±16 that was only recently fixed: namely, as shown in [10], the correct
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charges are obtained by deforming the subgroup U(1) in the way explained below that is not
compatible with the supergravity theory itself. The required deformation is, however, contained
in K(E10) [11] acting on the spin-
3
2 representation of K(E10)! The deformation of the U(1)
subgroup of SU(3) × U(1) required to rectify the mismatch of electric charges is obtained by
acting on the tri-spinors χijk of N = 8 supergravity which transform in the 56 ≡ 8 ∧ 8 ∧ 8 of
SU(8), with the 56-by-56 matrix exp
(
1
6ωI
)
, where
I := 1
2
(
T ∧ 1∧ 1+ 1∧T ∧ 1+ 1∧ 1∧T + T ∧ T ∧ T ); (91)
here the matrix T is defined by
T :=


0 1 0 0 0 0 0 0
−1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 −1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 −1 0


. (92)
This matrix belongs to so(8) and represents an imaginary unit, with T 2 = − 1, which in turn
implies I2 = − 1. The presence of the triple product T ∧T ∧T in I is the reason why I is not an
su(8) element, hence does not belong to the R symmetry of N=8 supergravity (confirming the
long known fact that this theory by itself cannot account for the charge assignments of the Stan-
dard Model fermions). Enlarging the SU(8) symmetry to K(E10), however, one can show [11]
that in fact I does belong to the infinite-dimensional algebra K(E10) or, to be completely pre-
cise, to the associated quotient q. Importantly, it is not possible to construct the element (91)
without the over-extended root of E10, the root system of any regular subalgebra such as E9
being too restricted. This could make E10 a crucial ingredient in connecting supergravity to the
Standard Model particles: no finite-dimensional or affine subalgebra can possibly achieve this.
Since I does not belong to the R symmetry SU(8), one can now ask which bigger group is
generated by commuting I with SU(8) in all possible ways in the 56 representation of SU(8).
Indeed, by repeated commutation of I with elements of su(8), one ends up with the bigger
algebra su(56), which should thus be viewed as a subalgebra of so(288, 32). To show this we
take the standard su(8) basis in the fundamental representation, made of by 28 antisymmetric
matrices (nothing but the so(8) basis) and 35 symmetric matrices multiplied by the imaginary
unit. These matrices belong to the 8 representation; we pass to the 56 representation of su(8)
by means of the antisymmetrised product used in (91). Then we commute I with the 63
elements of the basis; we collect the new independent elements from the commutators, and redo
the procedure again until we stabilise the set of matrices. Proceeding in this way, after four
iterations we reach a stable set, i.e. no new elements are produced by the commutators. This new
set has dimension 3135 and corresponds to su(56), since it is made of by 56× 56 anti-hermitian
and traceless matrices.
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Because I ∈ K(E10), the group SU(56) is therefore contained in the closure of SU(8) and I,
and it is thus a subgroup of the vector spinor quotient Spin(288, 32)/Z2 (at the level of algebra,
the quotient is so(288, 32)). Let us also mention that the very same calculation can be done with
so(8): starting from the standard basis (28 antisymmetric matrices) in the 8 representation, we
build the 56 representation and start to commute with I. Proceeding in this way, we reach 1540
independent antisymmetric 56× 56 matrices to obtain the desired so(56) basis.
Perhaps even more importantly, it has been shown in recent work [12] that actually the full
(chiral) Standard Model group SU(3)c× SU(2)w× U(1)Y can be embedded into this unfaithful
representation of K(E10), thus in particular undoing the descent to the diagonal subgroup
SU(3) of the color and family groups, with a hypothetical family symmetry SU(3)f that does
not commute with the electroweak symmetries (because the upper and lower components of
the would-be electroweak doublets must be assigned to opposite representations of SU(3)f [47]),
That such an embedding is possible is not entirely unexpected in view of the fact that the above
SU(56) acts chirally in four dimensions and via its subgroup SU(48) is large enough to contain
the Standard Model groups as subgroups (as well as a novel family symmetry). So the more
intricate open question and the true challenge is to understand whether and why this symmetry
breaking might be preferred in K(E10). We also reiterate that the eight massive gravitinos
are an integral part of the spin-32 representation, and thus must likewise be incorporated into
the physics. Indeed, a possible interpretation as (Planck mass) Dark Matter candidates was
suggested for them in [48], together with possible experimental tests of this proposal. However,
the main challenge that remains is to see how K(E10) can ‘unfold’ in terms of bigger and
increasingly less unfaithful K(E10) representations to give rise to actual space-time fermions,
explaining how the above groups can be elevated to bona fide gauge symmetries in space and
time (we note that explaining the emergence of bosonic space-time fields and symmetries from
E10 likewise remains an open problem). There remains a long way to go!
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